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We study theoretically an extended Bose-Hubbard model with the spatially modulated interaction
strength, describing a one-dimensional array of tunneling-coupled nonlinear cavities. It is demon-
strated that the spatial modulation of the nonlinearity induces bound two-photon edge states. The
formation of these edge states has been understood analytically in terms of nonlinear self-localization.
I. INTRODUCTION
The quantum simulations with arrays of coupled qubits
are now rapidly developing with 51-qubit systems based
on the cold atom platform being already available [1, 2].
The integrated quantum optical platform potentially
promises robust scalable quantum simulations on a chip.
It is now under active development [3–8], although still
catches up with the cold atom and superconducting res-
onator networks [9]. Hence, it is specially instructive to
re-examine the conceptual effects of interaction, that can
be manifested already for a few interacting particles, and
are potentially easier to implement.
One of the simplest interaction effects is the forma-
tion of spatially bound two-boson pairs (doublons), that
can be present for both attractive and repulsive inter-
action [10]. Qualitatively, these states form because the
energy of bound pairs is repelled either below or above
the continuum of quasi-independent scattering states and
hence the photons become co-localized. The doublon
states arisen due to repulsive interaction have been al-
ready observed in a cold atom system [11, 12]. The
one-dimensional two-particle Bose-Hubbard model, de-
scribing the formation of doublons, is very useful de-
spite its conceptual simplicity. First, it can be readily
emulated even classically by considering a mathemati-
cally equivalent two-dimensional array of coupled waveg-
uides [13, 14] or even equivalent electric circuits [15]. Sec-
ond, it can be generalized by including the spatial modu-
lation of the nonlinearity, on-site energies and tunneling
coefficients which significantly enriches the types of two-
particle states available in the system. For instance, in
Ref. [16] we recently demonstrated that the formation of
bound two-particle states is a quite general phenomenon
that can occur even when the interaction is dissipative.
In Ref. [17] the Tamm-Hubbard two-photon edge states
were found in the system, where the edge cavity has been
detuned by energy from those in the bulk.
Recent interest to the localized biphoton states has
been stimulated by the rapid progress of topological
photonics that promises disorder-robust edge states of
light [18, 19]. While the topological edge states of classi-
cal electromagnetic waves have already been known for a
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decade [20], the quest for nonlinear and quantum topo-
logical photonics systems has begun quite recently [6–
8, 21–23]. The two-photon pairs in the arrays of cou-
pled cavities allow one to study the interplay of topol-
ogy and interactions [24]. It has been predicted that
the spatial modulation of the tunneling constants in the
array of nonlinear cavities can induce the formation of
the two-photon edge states [25–28]. The physics of this
system is unexpectedly rich. For instance, contrary to
the classical Su-Schrieffer-Heeger model describing non-
interacting particles in the array of cavities with mod-
ulated interaction strength [29], the edge states for the
interacting photon pairs can arise both at the edges with
weak and strong tunneling links [26]. Another interest-
ing mechanism to realize the two-photon edge states is
to implement the non-local interactions, when the pho-
ton energy is modified by the presence of the photon in
the adjacent cavity [30].
Here, we examine one more extension of the Bose-
Hubbard model by considering the array of cavities where
all single-photon energies and tunneling links are the
same, but the interaction strength is spatially modu-
lated, see Fig. 1. We demonstrate, that this system also
possesses bulk doublon states and edge doublon states.
These edge states are an inherent feature of the spatially-
modulated local on-site nonlinearity, qualitatively differ-
ing them from the topological edge states considered in
Refs. [15, 26], where the single- and two-photon tunneling
amplitudes have been modulated in space.
FIG. 1. Schematics of the considered array of qubits with the
single-photon resonance frequency ω0. The modulated inter-
action strength 2U is illustrated by the effective potentials
with different anharmonicity.
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2II. MODEL FOR SCATTERING AND
DOUBLON STATES
The structure under consideration is schematically il-
lustrated in Fig. 1. It is described by the Hamiltonian
H = H0 +U ≡ ~ω0
N∑
j=1
a†jaj + J
N−1∑
j=1
(a†jaj+1 + a
†
j+1aj)
− U
N∑
j=1
(1− (−1)j)a†jaj(a†jaj − 1) , (1)
where a†j(aj) are the photon creation (annihilation) oper-
ators, J is the tunneling parameter and U is the photon-
photon interaction strength. The photon-photon inter-
action term 2U is present only for every second cavity.
We look for the two-photon solutions of the Hamilto-
nian (1) where the wavefunction has the form
|Ψ〉 =
N∑
j,j′=1
Ψjj′a
†
ja
†
j′ |0〉, (2)
with Ψjj′ = Ψj′j , reflecting the bosonic nature of the
excitations. We substitute the wavefunction in the
Schro¨dinger equation EΨ = HΨ with the Hamilto-
nian (1) and obtain a system of linear equations for the
coefficients Ψjj′ in Eq. (2). As such, the interacting two-
particle problem in one dimension is exactly mapped to
the non-interacting single-particle problem in two dimen-
sions.
The energy spectra dependence on the interaction
strength is shown in Fig. 2. The entire continuum be-
tween E = −4 and E = 4, shown as green rectangle,
is occupied by the scattering states, representing quasi-
independent photons. For such states, the wave function
is the tensor product of the wave functions of single pho-
tons and the energy is simply the sum of their energies,
with a slight correction due to interaction term. Two
branches emerge from this continuum. These are a band
of bound photon pairs (red), that we will term as dou-
blons from now on and the doublon edge state (blue),
where both photons are localized at the same edge, re-
spectively. In the finite system the edge state is clearly
defined only in case of strong interaction (see Sec. IV),
therefore in Fig. 2 relevant blue dashed line and dotted
line are plotted up to U = 0.7, which was found to be
the lowest value, at which the edge state is preserved for
N = 20 cavities. The doublon band has a dispersion (8)
derived below in Sec. III. The lower and higher edges of
the doublon band correspond to k = ±pi and k = 0, re-
spectively. The spatial distribution for these three basic
types of two-photon states are illustrated in Fig. 3. Here,
the two axes correspond to the coordinates of the two
photons. The scattering state in Fig. 3(a) corresponds to
quasi-independent photons without strong correlations in
their coordinates. The doublon state in Fig. 3(b) is very
different with large occupation probability at only half of
FIG. 2. Energy spectra of the photon pairs depending on the
interaction strength U . Entire green rectangle is the scatter-
ing states continuum. Red branch is a manifold of doublon
states, blue dashed line shows the energy of the edge state,
calculated via Eq. (15), and the dotted line shows the numer-
ically calculated energy of the edge state in a finite system
with N = 20 cavities. Calculation has been performed for the
interaction strength J = 1.
the diagonal cells. This corresponds to the two photons
that are spatially bound together by the spatially mod-
ulated interaction. Both Fig. 3(c) and Fig. 3(d) depict
the edge state of the photon pair in logarithmic scale. In
case of strong interaction Fig. 3(c), the exponential decay
away from the corner shows the pure edge state, whereas
for weak interaction in a finite system, the edge state en-
ergy E ∼ 2U lies within the scattering continuum and,
therefore, it is hybridized with scattering states. In this
case, the decay is exponential only in the close proximity
to the corner, and the state is partially delocalized, see
Fig. 3(d).
Figures 2,3 present a basic overview of the eigenstates
depending on the photon-photon interaction strength.
Now we present a more detailed analysis of bulk doublon
states (Sec. III) and edge states of doublons (Sec. IV).
III. DOUBLON STATES
In this section we derive analytically the doublon dis-
persion for the infinite system, and compare it with the
numerical calculation for a finite array of cavities. The
results for these two approaches match exactly. In order
to find the bound photon states we use the Bethe ansatz
like in [17, 31], i.e. look for the wavefunction Eq. (2) in
the form
Φjj′ ≡
 Ψ2j,2j
′
Ψ2j,2j′+1
Ψ2j+1,2j′+1
Ψ2j+1,2j′+2
 = Φeik(j+j′)+iq(j′−j), (3)
3FIG. 3. The spatial distribution |Ψmn|2 of four characteristic
two-photon eigenmodes: (a) the scattering state , E = 3J ;
(b) doublon, E = 5.16J ; (c) edge state, E = 4.52J , (d) edge
state, E = 2.98J . The interaction strength is U = 2 for the
panels (a–c) and U = 0.9 for the panel (d).
with j < j′, where we write four values of the wave func-
tion in the unit cell as a one column-vector. Here, k is
the center-of-mass wave vector and the wave vector q de-
scribes the relative motion of the photons. Inserting this
ansatz into the Hamiltonian Eq. (1) for j 6= j′, i.e. in
cavities outside of main diagonal with red cells in Fig. 4,
FIG. 4. Mapping of the one-dimensional two-particle prob-
lem onto the effective single-particle two-dimensional prob-
lem. Two coordinates of each node in the lattice correspond
to the positions of the two photons, the links represent single-
photon tunneling between the nearest sites. Red circles de-
scribe energy shift by 2U . Two gray lines bound the unit
cell with the fixed center-of-mass coordinate of the photon
pair, sites A and B are located on the pink and green lines,
respectively.
we obtain the dispersion of the scattering states:
E =
{
±4J cos q2 cos k4
±4J cos q2 sin k4
(4)
Equation (4) indicates, that two different wave vectors q
are possible for given eigenmode energy E and the center-
of-mass wave vector k:
cos
q1
2
=
E
4 cos k/4
, cos
q2
2
=
E
4 sin k/4
(5)
Due to this degeneracy in q we need to include a superpo-
sition of two waves with q1, q2 in the ansatz (3) in order
to describe the edge state of doublons
Φjj′ = e
ik(j+j′)
[
Φ1e
i iq1(j−j′) + Φ2ei q2(j−j
′)
]
, (6)
where
Φ1 =
a1b1c1
d1
 , Φ2 =
a2b2c2
d2
 . (7)
Next, we examine the effect of the photon-photon inter-
action on the solution Eq. (6). Namely, we substitute
the (6) into the Hamiltonian (1) with j = j′, and con-
sider complex values of q1, q2 with the positive imaginary
part, so that the wavefunction would decay with increase
of the photon-photon distance. Rigorous solution results
in the following implicit doublon dispersion law:
1
U
=
1√
E2 − 16J2 cos2 k4
+
1√
E2 − 16J2 sin2 k4
(8)
Despite the fact that doublons are present in the spec-
trum for all U > 0, the smaller is the U the smaller is
the photon-photon binding, as has been illustrated by
the gradient shading of the doublon band in Fig. 2. This
can be shown by rewriting Eq. (8) as
E
U
=
1
tanh q′′1
+
1
tanh q′′2
(9)
where q′′1,2 = Im(q1,2) are the inverse localization lengths.
In the case of vanishing interaction, U → 0, we find that
either q′′1 → 0 or q′′2 → 0, which quenches the binding be-
tween the two photons. The two-photon band structure
for two different regimes is illustrated in Fig. 5.
We will now proceed to obtain the band structure of
doublons in the infinite lattice. To this end, we first
fixed the center-of-mass wave vector k, using the ansatz
(6) , and then numerically solved the problem for a one-
dimensional effective model describing relative motion of
the two photons, shown in Fig. 4. The unit cell has a
shape of a stripe (green and pink lines in the Fig. 4)
passing along the line of constant center of mass of two
4photons. The Hamiltonian, describing the relative pho-
ton motion, reads
H =
(
HA V
V † HB
)
(10)
where matrices HA, HB , V are infinite and their central
part is
HA =

0 J 0 0 0
J 0 J 0 0
0 J 2U J 0
0 0 J 0 J
0 0 0 J 0
 , HB =

0 J 0 0 0
J 0 J 0 0
0 J 0 J 0
0 0 J 0 J
0 0 0 J 0
 ,
V =

0 Je−ik 0 0 0
J 0 J 0 0
0 Je−ik 0 Je−ik 0
0 0 J 0 J
0 0 0 Je−ik 0
 .
(11)
Here, HA, HB are Hamiltonians for the sites located at
pink and green “stripes” in Fig. 4 correspondingly, and V
represents their interaction. Our calculations were per-
formed for the matrices of the finite size 61×61, and the
result is shown in Fig. 5. The green area and the red
and black dashed lines represent scattering continuum
and doublon band, calculated via (4) and (8), and the
edge state, respectively. Blue lines are numerical eigen-
states. For scattering states and doublon band numerical
and analytical results perfectly agree. The doublon band
Eq. (8) overlaps spectrally with the scattering states for
U <
√
2J and is spectrally separated for U >
√
2J . This
is directly seen from the comparison of Fig. 5(a) and
Fig. 5(b) and also agrees with the dependence on the
interaction strength calculated in Fig. 2.
IV. EDGE STATE OF THE BOUND PHOTON
PAIR
The interaction-induced two-photon edge states in the
system have been found numerically in Figs. 2, 3. In
this section we consider the limit of strong interaction
regime (U  J), where the presence of edge states can
be understood qualitatively by applying the perturbation
theory. Visually, this can be illustrated in Fig. 4: the lat-
tice nodes constitute the unperturbed Hamiltonian, red
circles stand for the photon-photon interaction, and the
tunneling constants J (links between the nodes) repre-
sent a small perturbation.
We start with the separation of the Hamiltonian (1)
into the unperturbed part H˜0, determined only by the
photon-photon interaction, and a perturbation V , includ-
FIG. 5. Band structure of the photon pairs calculated for the
interaction strength U = 1 (a) and for U = 2 (b). Red and
black dashed lines show the doublon bands and edge states
correspondingly, in both cases.
ing the tunneling effects:
H˜0 =
N∑
j=1
~ω0a†jaj+ (12)
(1− (−1)j)U
N∑
j=1
(−1)ja†jaj(a†jaj − 1)
Vˆ = J
N−1∑
j=1
(a†jaj+1 + a
†
j+1aj). (13)
From now we will consider only the case of odd number
of cavities in the array N , so that both edge sites have a
nonzero nonlinear interaction term and array has mirror
symmetry. The eigenstates of Eq. (12) have then the
(N + 1)/2-degeneracy with E(0) = 2~ω0 + 2U . Since we
focus only on these states, we will enumerate them in a
5new way by using only one index:
Ψn ≡ Ψ2n,2n, E(0)n = 2U . (14)
The eigenenergies are enumerated correspondingly. This
N/2 degeneracy is lifted when the photon tunneling de-
scribed by the operator Vˆ is taken into account. The
photon tunneling can be visualized as quantum walks
along the ribs of the graph in Fig. 4. The second-order
processes include two ribs. Since the minimal distance
between the nearest red cells in Fig. 4 is equal to four,
the nearest red cells are not hybridized in the second
order in V . On the other hand, there exist nonzero di-
agonal elements V
(2)
nn that describe the shifts of the state
energies induced by the tunneling (blue arrows in Fig. 4).
These energy corrections are proportional to the number
of nearest neighbours of the nth red cell, so the resulting
energy correction is
E(2)n =
{
J2/U n = 1; (N + 1)/2 (edge state)
2J2/U 1 < n < (N + 1)/2 (doublons)
(15)
for the red cavities. Equation (15) is already sufficient
to explain the formation of the edge states of the pho-
ton pairs. The energies of the edge sites are detuned
from the energies of the bulk sites since these sites have
less neighbors. As such, the hybridization of the edge
sites with the bulk is suppressed and the localized edge
states are formed. The blue line in Fig. 2 has been cal-
culated according to Eq. (15) and well agrees with the
result of numerical calculation of the edge state energy
(black dots). Such formation mechanism is inherent for
the few-particle quantum states in the one-dimensional
lattices and can be understood as a quantum analogue
of the nonlinear self-trapping at the edge [31, 32]. How-
ever, the distinctive ingredient of the considered model is
the spatial modulation of the nonlinearity. If the nonlin-
earity were present both at the odd and even sites, the
two-particle edge states would have not existed.
Similar approach can be extended to describe the for-
mation of the bulk Bloch states of the doublons in the
limit of strong interaction. This requires a consideration
in the fourth order of perturbation theory. In this case
the paths including four ribs should be included in Fig. 4,
that can connect the neighboring red sites to each other.
The secular equation has the form∑
n′
(E(4)δnn′ − V (4)nn′)c(0)n′ = 0, (16)
where the indices n, n′ run through the states that
have remained degenerate after the second order terms
have been taken into account, and V
(4)
nn′ corresponds to
a bulk expression including the terms, proportional to
∑
m,l,k VnmVmlVlkVkn′/(2U)
3. After the careful calcu-
lation of the matrix elements, we obtain the following
system of equations for the sites n
(E − 2~ω0 − J2/U)Ψn = J
4
2U3
(Ψn−1 + Ψn+1) , (17)
(1 < n < N)
(E − 2~ω0 − 2J2/U)Ψ1 = J
4
2U3
Ψ2 ,
(E − 2~ω0 − 2J2/U)ΨN = J
4
2U3
ΨN−1 . (18)
The system of equations Eq. (18) has a transparent in-
terpretation. It describes an effective one-dimensional
tight binding model for doubling with the tunneling con-
stant t = J4/2U3, and the energy detuning for the first
and last cavities is equal to ∆E = J2/U , leading to the
formation of the edge states.
V. SUMMARY
To summarize, we have considered theoretically the
two-photon energy spectrum in the array of nonlinear
cavities with spatially modulated photon-photon interac-
tion, when the interaction is nonzero only for the every
second cavity. The eigenstates of the infinite system have
been found analytically from the Bethe ansatz. They
can be divided into the scattering states, where the two
photons are quasi independent from each other and the
doublons, i.e. the two-photon states, bound by the in-
teraction. We demonstrate, that for sufficiently strong
interaction the system features two-photon edge states,
with both photons localized at the same edge of the ar-
ray. The presence of such doublon edge states requires
spatial modulation of the nonlinearity, they are absent
if the interaction parameter is the same for all cavities.
The formation of edge states has been interpreted ana-
lytically in the regime of strong interaction as a nonlinear
self-localization at the edge. Our results might be useful
to understand the energy spectrum and the mechanisms
of edge state formation in various quantum systems, from
structured polaritonic cavities to the arrays of supercon-
ducting qubits.
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